The Wiedemann-Franz (WF) law is a fundamental result in solid-state physics that relates the thermal and electrical conductivity of a metal. It is derived from the predominant origin of energyconversion in metals: the motion of quasi-free charge-carrying particles. Here, an equivalent WF relationship is developed for molecular systems in which charge carriers are moving not as free particles but instead hop between redox sites. We derive a concise analytical relationship between the electrical and thermal conductivity generated by electron hopping in molecular systems and find that the linear temperature dependence of their ratio as expressed in the standard WF law is replaced by a linear dependence on the nuclear reorganization energy associated with the electron hopping process. The robustness of the molecular WF relation is confirmed by examining the conductance properties of a paradigmatic molecular junction. This result opens a new way to analyze conductivity in molecular systems, with possible applications advancing the design of molecular technologies that derive their function from electrical and/or thermal conductance.
Electrical and thermal conductance are the principal transport mechanisms giving rise to both the functionality and limitations of the majority of devices in the modern technological infrastructure. Because of this importance, understanding the interplay between these mechanisms is paramount in the development of nextgeneration technologies. In metals, the relation between electrical conductivity σ and the electronic contribution to the thermal conductivity κ can be described using the Wiedemann-Franz (WF) law [1] :
where L = π 2 3 (k B /e) 2 is the Lorenz number, e is electron charge, k B is the Boltzmann constant, and T is temperature. The WF law forms the basis for analyzing the conductivity of myriad systems and materials in which the dominant energy transport mechanism is the nearlyfree motion of charge-carriers [2] [3] [4] [5] [6] [7] [8] . There is no equivalent law, however, for molecular systems where electron transport is often dominated by inelastic hopping between redox sites, and therefore the theoretical picture of a possible relationship between the electric and thermal conductivities of such systems is currently lacking.
The analysis of electrical conductance in singlemolecule devices is a well-established field that has primarily been motivated by the goal of designing and fabricating new nanoscale molecular electronics [9] [10] [11] [12] [13] [14] . In contrast, the examination of thermal conductance that arises from electron transfer (ET) between molecules is a nascent research area. A recent focus on electronic thermal conductance in molecular systems has been brought about by three particular advances: (a) newly developed experimental techniques that allow the measurement of temperature gradients over length scales commensurate with the distances involved in molecular ET processes [15] [16] [17] , (b) the development of a theory that describes electron-transfer-induced (ETI) heat transport, a phenomenon in which ET across a thermal gradient between molecules induces a heat current [18] [19] [20] [21] [22] [23] [24] [25] , and (c) recent experiments in which the thermal conductivity of a single molecule has been measured for the first time [26] . These advances serve as impetus for analyzing the relations between different types of conductivity in molecules.
In this Letter, the ratio between ETI thermal conductivity and electrical conductivity is derived for purely molecular systems and then numerically validated in a molecular junction-a device that is broadly applied in the development of nanotechnologies. We term this ratio a molecular Wiedemann-Franz (MWF) law, in analogy with the WF law for metals. Experimental examination of this MWF relation could be performed using typical molecular junction setups [27] [28] [29] [30] [31] [32] by measuring the thermal conductance properties of a junction with suppressed phononic thermal conductivity and/or by taking two different measurements, first using conducting leads and then insulating leads, where the difference between them will be the ETI thermal conductivity [33, 34] .
To derive a MWF law [35] , consider a system consisting of identical molecular charge transfer sites at a density ρ so that the distance between the center of the sites is d = ρ −1/3 . The electron transfer rate between identical molecular sites is given by the standard Arrhenius form k = k 0 e −EA/kBT where E A = λ/4 with λ being the reorganization energy, an important physical parameter in condensed-phase ET reactions which parametrizes the electron-phonon coupling [36, 37] . In the presence of an applied electric field E, the voltage difference between sites in the direction of the field is V = Ed = Eρ −1/3 . Electrical conductivity σ is defined from
where J el is the electrical current density. field direction is
where χ is the probability that a site is occupied by an electron, i.e., the fraction of occupied sites in the system, and the term χ(1 − χ) enforces the avoidance of multiple site occupancy. The associated electrical conductivity is obtained as follows: Consider a volume element with unit surface area and thickness d. The surface density of sites in this volume element is ρ s = ρd = d −2 , which is also a measure of the number of pairs across a surface in a picture where each site on one side of the dividing surface finds its nearest-neighbor on the other side of the surface. The electric current density in the field direction is
which implies that the electrical conductivity of the system is
Next, consider the same system in the absence of an electric field but in the presence of a temperature gradient ∇T . The thermal conductivity κ is defined from
where J Q is the heat current density. In the direction of the temperature gradient, the heat current density is J Q = −κ∇ x T where ∇ x T = ∆T /d with ∆T being the temperature difference between nearest sites. We want to calculate the thermal conductivity in this system due to electron hopping between sites with different temperatures. To this end, consider two neighboring charge transfer sites a and b which have different local temperatures T a = T + ∆T /2 and T b = T − ∆T /2 but are otherwise identical and thus have the same electron occupation energy E and reorganization energy λ. In the absence of a driving electric field, the number of electron hops from site a to site b and from site b to site a per unit time is χ(1 − χ)k. Each such hop (in any direction) is associated with heat transfer Q, the amount of which is given by [19] 
Hence, the heat current between sites is
Schematic diagram of a representative molecular junction system. The specific model we examine consists of N charge transfer sites seated between two metal electrodes (rectangles). Each site s in the molecular bridge is associated with an electronic occupation energy E s and a set of vibrational modes that are in equilibrium with a local thermal environment at temperature Ts (transparent oval). The respective temperatures of the electrodes are TL and TR. The biased chemical potentials of the electrodes µL and µR are shown as dashed lines and the corresponding Fermi-Dirac distribution of each electrode is represented by a colored region.
The current density in the direction of the gradient is
and after using Eq. (6) we obtain
which is the ETI thermal conductivity.
Combining the results in Eqs. (5) and (10) we arrive at a WF relation for molecular systems:
where L M = (k B /e) 2 is the Lorenz number for molecular hopping conductance and the effective temperature T M = λ/k B is parameterized by the reorganization energy λ. Comparing the MWF result in Eq. (11) with the WF law for metals in Eq. (1), we see that the explicit dependence on temperature is replaced by the temperature dependence of the reorganization energy. Moreover, the MWF relation is proportional to λ, which implies that the strength of electron-phonon coupling and its manifestation through the reorganization energy dictates the relationship between ETI thermal conductivity and electrical conductivity in molecular systems. Note that while we have drawn analogies between the functional forms of the MWF law and the standard WF law, Eq. (11) constitutes an entirely new scaling law that is valid for systems in which charge transport is dominated by inelastic electron hopping-dramatically different physics than what is used to derive the standard WF law.
The robustness of the MWF law can be examined by calculating the WF ratio in a model molecular junction and comparing it with the general result in Eq. (11) . The specific process we consider is electron hopping transport along a bridge of N charge transfer sites seated between two metal electrodes (see Fig. 1 ), as is often invoked to examine long-range junction transport [38] . Note that electrical conductance G and thermal conductance K replace the corresponding conductivities as the pertinent transport properties in this model. The respective temperatures of the electrodes are T L = T + ∆T /2 and T R = T − ∆T /2 where ∆T = T L − T R is the temperature bias across the device. The biased chemical potentials of the electrodes are µ L = µ − eV /2 and µ R = µ + eV /2 where µ is the Fermi level and V is an applied voltage bias across the junction. Each site s in the molecular bridge is associated with an electronic occupation energy E s and a local thermal environment at temperature T s . The spatial distribution of the energy levels E s in the junction, i.e., the electronic structure of the molecular bridge, is termed an energy landscape.
Electrons move between sites via a hopping mechanism (represented by black arrows in Fig. 1) , and therefore the system has N + 1 electronic states a ∈ {M, 1, . . . , N } where, for example, in state 1 the charge density of the hopping electron is localized on molecular site 1, in state 2 the charge density is localized on molecular site 2, and so forth. The special case of a = M corresponds to the state in which the electron occupies an energy level in one of the metal electrodes. Hopping between molecular sites and across the molecule-metal interfaces is controlled by a nuclear reorganization energy λ that is described using the Marcus formalism [19, 36, 37, 39, 40] . The temperature profile in the molecular bridge is defined through application of a variant of the self-consistent reservoir method [41] [42] [43] [44] that is modified to treat ETI heat transport [35] .
The electronic current through the junction J el can be derived from the kinetic master equations describing the probability for an electron to localize on each site in the bridge or in the electronic manifold of one of the metals [35] . The electrical conductance in the linear transport regime and under zero temperature bias (∆T = 0) is
where V is the voltage bias across the junction. In the presence of a temperature bias (∆T = 0), ET across the thermal gradient in the molecular junction generates a heat current J Q through the device (see Fig. 1 ) [35] , and the corresponding thermal conductance obtained in the linear response regime under zero electric current conditions is
The
calculated in the molecular junction model described above is shown in Fig. 2 as a function of λ. This ratio can be compared with the MWF law which predicts that K/GL M = λ. Varying the electronic landscape of the molecular bridge, as well other physical properties of the system, such as temperature, can affect the conductance ratio. Figure 2(a) illustrates the calculated conductance ratios for energy landscape L 1 ≡ E s = 0 ∀s at T = 300 K (blue) and T = 1000 K (red). At both temperatures, the numerically-calculated result almost exactly follows the MWF law. We have confirmed that this agreement persists for temperatures as low as our numerical methods allow sampling (≈ T = 150 K) as well. The dashed horizontal line is the conductance ratio calculated in the ballistic transport limit using the Landauer formalism [35] . The ballistic result is independent of λ due to the absence of electron-phonon interactions in the Landauer picture, and thus does not follow the MWF law. Shown in Fig. 2(b) are the results for several different energy landscapes (see the Fig. 2 caption for details) calculated at 300 K. Notice that in all cases the calculated results show either excellent or essentially exact agreement with the MWF law. This illustrates the robustness of Eq. (11) for describing conductivity in molecules with varying electronic structures. We have confirmed that this agreement is observed over a broad range of energy landscapes and temperatures (see Fig. S1 in the Supplemental Material). Figure 2 (c) illustrates how the conductance ratio is affected by changing the number of sites in the molecular bridge. In the case of a one site bridge (N = 1), the MWF is not obeyed. This is expected because the MWF law is derived for molecule-to-molecule ET processes which are absent in a system with one charge transfer site. In the two-site case (N = 2), the results agree with the MWF law. This implies that for a junction with N > 1 sites, the ratio between thermal and electrical conductivity is mostly dominated by intersite hopping processes in the molecular bridge.
A comparison between the temperature-dependence of the conductance ratio K/GL in the molecular junction model and the ratio predicted by the traditional WF law (K/GL = T ) is shown in Fig. 3 . The solid curves illustrate the numerical results for different energy landscapes and reorganization energies. The dashed curve is the result of a ballistic Landauer calculation. Three observations are noteworthy: (a) the calculated results deviate significantly from the WF law, (b) the ballistic result follows the WF law only at very low temperatures, which agrees with previous results [3] , and (c) the hopping results are either approximately temperatureindependent (assuming temperature-independent reorganization energies) over all temperature ranges (solid blue curves) or weakly temperature-dependent in the low-temperature regime while becoming temperatureindependent at higher temperatures (solid red curve). Note that for most energy landscapes we have examined, the conductance ratio associated with hopping transport is approximately temperature-independent (see Fig. S2 in the Supplemental Material), in agreement with the MWF law.
We have derived a WF law for molecules and confirmed its validity using numerical simulations of a paradigmatic molecular nanostructure. It is significant that the MWF law is able to accurately describe conductivity relations in hybrid molecule-metal systems. We therefore expect that
Calculated conductance ratio K/GL (L is the Lorenz number for metals) as a function of temperature T in a model molecular junction with N = 5 sites. The two upper solid curves are the hopping results for energy landscapes L1 (blue) and L3 (red) with reorganization energy λ = 0.25 eV. The lower solid curve (blue) is the result for energy landscape L1 and reorganization energy λ = 0.1 eV. In all hopping calculations, the electronic coupling between molecular sites is 0.01 eV and the tunneling coupling for ET between molecule and metal is ≈ 0.07 eV. The dashed blue curve is the result for energy landscape L1 in the ballistic Landauer limit with molecule-molecule electronic coupling 0.1 eV and molecule-metal coupling ≈ 0.7 eV. The black diagonal line is the result predicted by the WF law.
it will describe the relationship between electrical conductivity and ETI thermal conductivity in both purely molecular systems and in systems where electron transfer takes place between heterogeneous structures with molecular components. Experimental examination of the theoretical results presented here could be realized using similar setups to those that are currently applied to probe the thermal, electronic, and thermoelectric properties of molecular junctions [26] [27] [28] [29] [30] [31] [32] . The MWF law opens a new way to analyze conductance in molecular systems, and could lead to advancements in the design of thermoelectric and photovoltaic devices, computing architectures, and molecular electronics.
